










as expected due to Eq. (A1) with large grazing
θr ≅ π=2. While b ¼ 0 and b ¼ 0:99 are not typical
with standard materials, the recent invention of very
black carbon nanotube surfaces highlights emerging
new extreme BRDF properties in materials [25,26].
The 360 view reconstructed images using the

range profiles in Fig. 5 are shown in Figs. 6(a) and
6(b) for b ¼ 0 and b ¼ 0:99, respectively. Slices
through the reconstructed image centers are shown
in Fig. 6(c). As proven in Section 3, the Lambertian
(b ¼ 0) surface is perfectly reconstructed. Note, how-
ever, for a nonzero b value, there is a “darkening” ef-
fect near the surface interior—reconstructed values
are decreasing and becoming negative toward the in-
terior boundary of the surface. The effect is strikingly
similar, but of the opposite sign, to the well-known
cupping artifact due to beam hardening in x-ray
transmission tomography [16]. In x-ray CT, the lesser
energy (softer) beam on a peripheral ray backprojects
to higher attenuation than the higher energy (hard-
er) beam that traverses more material in the center
of the disk. Analogously, in reflection tomography,
the relative reduction of binned radiance at the glan-
cing incidence on the target periphery backprojects
to at darker surface element.
As shown in Fig. 3, ladar range profiles are view

dependent for a two-dimensional elliptical surface
due to asymmetric shadowing. For an elliptical sur-
face with semimajor axis A ¼ 0:6 and semiminor axis
B ¼ 0:3, we computed the binned radiance using
Eqs. (A1) and (A2) for 360 views. The reconstructed
images in Figs. 7(a) and 7(b) correspond to b ¼ 0
(Lambertian) and b ¼ 0:99, respectively. As expected,
the boundary darkening is concentrated at the
tapered ends of the ellipse where there is more
radiance loss due to oblique incidence.
We now consider specular reflection, and set the

diffuse term in Eq. (4) to zero. Because of a generally
narrower reflectance lobe centered at the Snell’s law
reflectance angle, specular reflection has a greater
reduction of reflected radiation for glancing inci-
dence. Figures 8(a) and 8(b) contain 360 view recon-
structions of two-dimensional disks with SR glint
lobe eccentricities e ¼ 1:0 and e ¼ 0:007, respectively.
The latter corresponds to significant glinting sur-

faces, such as with commercial aluminum. At each
binned surface element, the reflected radiance was
determined by Eqs. (A5) and (A6) with ρsðλ; θÞ ¼
1:0, which corresponds to pure specular reflection
at the surface (ε ¼ 0, ρd ¼ 0). As seen in Fig. 8(a),
if there is no glint lobe (e ¼ 1:0); the surface is per-
fectly reconstructed. In the case of significant glint-
ing (e ¼ 0:007) in Fig. 8(b), a deep narrow darkening
is seen in the interior boundary of the surface attrib-
uted to reduced reflection at oblique angles of inci-
dence. Because a glint lobe falls off more sharply
than a diffusive reflectance lobe, it is seen by the
comparison of Figs. 6(b) and 8(b) that the glint arti-
fact is sharper than the diffuse reflection artifact.

B. BRDF and Shadowing Effects

In Subsection 4.A BRDF artifacts in reflection tomo-
graphy are demonstrated that are analogous to
transmission CT beam hardening. In this subsection,
multicomponent shadowing is shown to cause
artifacts similar to the crossed streak patterns of
limited-angle CT, which occur when the set of view
directions do not fully cover the 180° range around
the object [19,21].

Phantoms consisting of two adjacent disks, as in
Fig. 4, provide a tractable model of component sha-
dowing. A full 360 view reconstruction of two adjacent
disks of radii 0.4 and0.3wasperformedassuming real
surface coatings that have been fit to a full SR diffuse
and specular BRDF model. The diffuse coating is
dark gray with λ ¼ 1:0 μm and SR parameters given
by ρdð1 μmÞ ¼ 0:032, εð1 μmÞ ¼ 0:877, b ¼ 0:1, and
e ¼ 0:17. The specular coating is a commercial
aluminum surface with λ ¼ 1:0 μm and SR para-
meters given by ρdð1 μmÞ ¼ 0:047, εð1 μmÞ ¼ 0:53,
b ¼ 0:1, and e ¼ 0:007. As shown in Figs. 9(a) and 9
(b), for both diffuse gray and specular aluminum coat-
ings, the two disks are reconstructed with the subsur-
face darkening described in Subsection 4.A. In
addition, for both coatings, there is a crossed pattern
artifact similar to the limited-angle reconstruction in
transmission CT reconstruction. The cross pattern is
the point-spread function of a limited-angle recon-
struction [19], which in Fig. 9 is summed over the sur-
face pixels. As noted in Fig. 4, gaps occur in the

Fig. 6. Tomographic reconstruction of a disk with A=256 resolved range bins for disk radius A ¼ 0:8 using the diffuse SR BRDF model in
Eq. (A1). (a) b ¼ 0 Lambertian, (b) b ¼ 0:99 narrowly reflective, and (c) slices through the center of the reconstructions for b ¼ 0 (solid
curve) and b ¼ 0:99 (dotted curve). The dip in the center of (a) is a sampling artifact.
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radiance range profiles due to component shadowing
effects. The shadowing gaps are equivalent tomissing
views in the angular domain.
It is interesting to consider different coatings on

the two disks in the adjacent disk pair phantom.
Figure 10 shows the 360 view reconstructions for
the adjacent disk pair phantom with (a) a dark gray
larger disk and a specular aluminum small disk, and
(b) a specular aluminum large disk and a dark gray
small disk. The SR BRDF parameters at λ ¼ 1:0 μm
for these coatings are given above. It is a remarkable
feature of the reconstructions in Fig. 10 that the dark
gray disks are virtually invisible. The reason is that
the range-resolved reflected radiance is dominated
by the specular coated component, and this compo-

nent is shadowed by the diffuse component. The
resulting limited-angle artifacts mask the diffuse
component reconstruction.

Integral to the distortion in the Fig. 10 reconstruc-
tions is the fact that glints are much more intense
than the underlying diffuse reflection. Consequently,
the diffuse component is not discernable due to spec-
ular reconstruction artifacts. The diffuse component
can be recovered by reducing this disparity in binned
reflected radiance. Figure 11(a) contains the
adjacent disk pair reconstruction corresponding to
Fig. 10(a), but with the logarithm of the binned radi-
ance as input. The diffuse lobe on the left side is ob-
servable. In Fig. 11(b), the binned reflected radiance
is clipped at a threshold of 0.008 times the maximum

Fig. 7. Tomographic reconstructions of an elliptical disk with semimajor axis A ¼ 0:6 and semiminor axis B ¼ 0:3. Input data are
range-resolved ladar returned radiance computed using the SR diffuse BRDF model in Eq. (A1) with (a) b ¼ 0, (b) b ¼ 0:99.

Fig. 8. Tomographic reconstruction of a disk using ladar range-resolved radiance with the specular SR BRDF model in Eq. (A5) with
(a) e ¼ 1, (b) e ¼ 0:007.
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value. The diffuse and specular disks are simulta-
neously reconstructed in this case with minimal
distortion.

5. Summary and Conclusions

Reflection tomography artifacts arising from surface
BRDFeffects are considered in a series of reconstruc-
tion phantoms of increasing shadowing complexity.
The surfaces are sufficiently tractable so that
range-resolved ladar radiance can be analytically de-
termined to avoid faceting effects in reconstruction
simulations. Using the well-tested SR BRDF model
for coatings, two types of artifacts are demonstrated
on the phantoms. The relative lessening of reflected

radiance at glancing angles in both the diffuse and
specular reflection lobes is shown to cause a darken-
ing at the interior boundaries of the reconstructed
surfaces. It is suggested that this BRDF artifact in
reflection tomography is similar, but of opposite sign,
to the well-known beam hardening artifact in x-ray
transmission CT. Furthermore, using an adjacent
disk phantom, it is demonstrated that component
shadowing results in crossed streaked artifacts
analogous to the limited-angle distortion in x-ray
CT. It is shown that BRDF effects are more signifi-
cant in this type of distortion if a diffuse component
is adjacent to a specularly coated component.
Artifacts from the shadowed glinty surfaces appear

Fig. 9. Tomographic reconstruction of two adjacent disk phantoms with radii 0.4 and 0.3 from range-resolved ladar reflection with the full
SR BRDF model in Eqs. (A1)–(A8): (a) dark gray coatings on both disks, (b) commercial aluminum coatings on both disks.

Fig. 10. Tomographic reconstruction of two adjacent disks with radii 0.4 and 0.3 from range-resolved ladar reflection with the full SR
BRDFmodel in Eqs. (A1)–(A8): (a) dark gray coating on the large disk and commercial aluminum surface on the small disk, (b) commercial
aluminum surface on the large disk and dark gray coating on the small disk.
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across the entire reconstructed images to mask the
diffuse component. The missing diffuse components
can be recovered by thresholding the binned radiance
to remove glints.
With relatively few coatings and a moderate

amount of shadowing, it may be possible to deter-
mine the parameters in the component BRDFmodels
from ladar measurements. However, a geometric sur-
face reconstruction is required for this task in order
to isolate binned radiances to particular components
at different views. That reconstruction is possible by
removing limited-angle artifacts from highly specu-
lar components. We are currently pursuing this
direction of research as an application of the charac-
terization of reconstruction artifacts discussed in
this paper.

Appendix A

In this appendix we define the diffuse and specular
components in the SR BRDF model [10]. The diffuse
component, Fdðλ; θi; θrÞ, is assumed to be an average
property of the surface resulting from subsurface
scattering and from multiple scattering due to sur-
face roughness on the microscopic level. The diffuse
component is modeled as

Fdðλ; θi;ϕi; θr;ϕrÞ ¼
gðθiÞρdðλÞgðθrÞ

πGðbÞ2 ; ðA1Þ

where ρdðλÞ is the diffuse spectral reflectivity and

gðθÞ ¼ 1

1þ b2tan2θ ðA2Þ

is an angular form factor describing the shape of the
diffuse reflection lobe. The parameter b is defined to
be the grazing angle reflectivity, and is determined
from the surface reflectance data. For a perfectly dif-

fuse (Lambertian) surface with b ¼ 0, radiance is
reflected isotropically—reflected radiance measured
in any direction is the same for a given incident ray.
The factor ðπGðbÞ2Þ−1 in Eq. (A1) normalizes the
integrated reflected radiance to ρdðλÞ

GðbÞ ¼ 1
π

Z π=2

0
dθi sin θi

Z
2π

0
dϕi gðθiÞ cos θi

¼ 1

1 − b2

�
1þ b2

1 − b2
lnðb2Þ

�
: ðA3Þ

Integration of Eq. (A1) over all observer angles yields
the directional diffuse reflectance lobe

ρdðλ; θi;ϕiÞ ¼
gðθiÞ
GðbÞ ρdðλÞ: ðA4Þ

The SR specular component Fsðλ; θi; θrÞ is based on
the work of Trowbridge and Reitz [30], who describe
the rough surface reflection using an elliptical lobe
with eccentricity e. The specular component is given
by

Fsðλ; θi;ϕi; θr;ϕrÞ ¼
1
4π ρsðλ; θiÞ

hðαÞ
HðθiÞ cos θr

; ðA5Þ

where α is the glint angle shown in Fig. 12, ρsðλ; θÞ is
the directional specular reflectivity, e is the specular-
ity parameter describing the specular lobe as

hðαÞ ¼ 1

ðe2 cos2 αþ sin2 αÞ2 ; ðA6Þ

andHðθiÞ is a normalization factor. The glint angle is
defined as the direction of the glint vector g that bi-
sects the incident and reflected light directions. As
seen in Fig. 12, the parameterization in Eqs. (A5)

Fig. 11. Tomographic reconstruction of two adjacent disks in Fig. 10(a) with the full SR BRDF model in Eqs. (A1)–(A8): (a) input
logarithm of the binned radiance, (b) clipped radiance to remove glints at a threshold of 0.008 times the maximum value.
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and (A6) suggest a 1=e4 weighting of the reflectance
towards Snell’s law at α ¼ 0 so that extremely small
e values correspond to highly specular (mirrorlike)
reflection.
The directional specular reflectivity in Eq. (A5) is

determined from Eq. (3) by assuming that the direc-
tional emissivity has the same angular dependence
as the diffuse reflectance ρdðλ; θiÞ in Eq. (A4):

εðλ; θÞ ¼ εðλÞ gðθÞ
GðbÞ : ðA7Þ

From Eqs. (3), (A4), and (A7), we have the specular
reflectivity

ρsðλ; θiÞ ¼ 1 −
½εðλÞ þ ρdðλÞ�gðθiÞ

GðbÞ : ðA8Þ

Consistency of the specular component definition in
Eq. (A5) requires

ρsðλ; θiÞ ¼
Z π=2

0
dθr sin θr

Z
2π

0
dϕr Fs cos θr; ðA9Þ

with the resulting normalization factor

HðθiÞ¼
1
4π

Z π=2

0
dθr sinθr

Z
2π

0
dφr hðαÞ

1

2e2

×
�
ð1−e2Þcosθiþ

ð2e2þð1−e2Þ2 cos2θiÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4e2þð1−e2Þ2 cos2 θi

p
�
: ðA10Þ

The SR BRDF model is completely characterized
by four parameters: the diffuse spectral reflectance
ρdðλÞ and grazing angle reflectivity b in Eqs. (A1)–
(A4), and the spectral emissivity εðλÞ and the specu-

larity parameter e in Eqs. (A7)–(A10). It is noted
that, empirically, the lobe parameters e and b are
insensitive to wavelength across typical ladar
visible-to-thermal IR bands.
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